Accelerating cosmologies from non-local higher-derivative gravity 
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We study accelerating cosmological solutions of a general class of non-linear gravities which depend 
on Gauss-Bonnet and other higher derivative invariants. To achieve this goal a local formulation with 
QQ ' auxiliary scalars for arbitrary higher-derivative non-local gravity is developed. It is demonstrated 

I that non-local Gauss-Bonnet gravity can be reduced, in the local formulation, to a model of string- 

, inspired scalar-Gauss-Bonnet gravity. A natural unification, in the theory here developed, of the 

' early-time inflation epoch with a late-time acceleration stage can also be realized. 



PACS numbers: 04.50. +h, 04.80. Cc, 98.80.-k, ll.25.-w, 95.36. 



1. Introduction. It has been seen recently that not only early-time inflation but also late-time acceleration may be 
naturally constructed in modifled gravity (for a review of modifled gravities, see and for review of observational 
predictions from such theories, see fi|). It is remarkable that, moreover, a consistent unification of early-time infiation 
with the late-time dark energy universe can indeed be achieved in modified gravity (for a first such example, see 
01) • However, the models under consideration represent local theories. At the same time, it is also well-known that 
quantum gravity and stringy considerations lead to a low-energy effective action which contains non-local, as well as 

^-1, local terms. 

(— I ■ The proposal to use specific non-local gravity depending only on the scalar curvature as a dark energy source has 
I— — 1[ been made in Refs. Moreover, it has been demonstrated that different cosmological solutions including phantom 

and/or quintessence acceleration can be found, for specific versions of such non-local gravities 0, 0, 0|- In addition, 
the unification of early-time infiation with late-time acceleration in such theory, which turns out to be consistent 
with local tests, is also possible @. (A different approach to string- inspired non-local cosmology has been discussed 
' in Ref. However, the structure of such non-local gravity in the local formulation with auxiliary fields is very 

, complicated. In particular, an explicit de Sitter solution has been only found for a very restricted (exponential) class 
of models. 

In the present paper we consider a more general class of non-local gravities which depend on Gauss-Bonnet and 
' other higher-derivative invariants. First, we formulate the local version of the theory with auxiliary fields and show 
00 , that almost all models of this sort admit the de Sitter cosmology solution. It is quite interesting to observe that a 
■ relation with string-inspired scalar-Gauss-Bonnet gravity (with possible account of higher-order string corrections) is 
^ ' found. The emergence of inflationary or late-time acceleration as well as the possibility to unify early-time inflation 
with late-time acceleration will be here established. 

2. The de Sitter universe from non-local ^/-gravity. We now consider the following non-local model 
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Here Cm is the matter Lagrangian and G the Gauss-Bonnet invariant, namely Q = — AR^^R^" + R^i^paR'^'^'"^ ■ By 



introducing the scalar fleld (j), one may rewrite the action |[T| in a local form: 



^ " / ( 2^ " 2^^^'^^"'^ + 0^ + ) ■ (2) 



In fact, from the 0-equation, we find (j) — ~^O^^G- By substituting this expression into we reobtain ([T]). It is 
remarkable that the above action belongs to a specific class of string-inspired, scalar-Gauss-Bonnet gravity which is 
known to be consistent with the local tests and may serve as a realistic candidate for dark energy [Oj. Unlike what 
happens in standard stringy compactifications, the scalar-GB coupling is not an exponential scalar function. The 
scalar potential is zero, as it should be in the low-energy, perturbative approach to the string effective action. 

Let us now study the de Sitter solutions which may describe late-time universe acceleration in such non-local gravity. 
By assuming that the FRW metric with flat spatial part and (j) only depend on the cosmological time, the equations 
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of motion are 

Here pm is the energy density of matter and H is the Hubble rate H = a/a. When the matter contribution is neglected, 
assuming and H are constant (j) = c^, H ~ i/g, one can solve Eqs. ^ as follows: = ^Hq, Hq = — j^4- 
Therefore, if a is allowed to be negative, there is a de Sitter universe solution, namely 

Q \ 1/4 



On the other hand, a negative a means that the scalar field has a 'wrong' kinetic term, like a ghost or phantom. As we 
will see later in ifTSjl . the de Sitter space solution corresponds to the case a ^ oo (late-time acceleration) when matter 
is included. Even at the early universe, before the matter was created, we can use this solution for the description of 
the infiationary epoch. 

Note that the second equation ^ yields 

(-^(/. + 8i/2^a3^C . (5) 

Here C is a constant. We should note that the action ^ is invariant under a constant shift of the scalar field 0: 
^ + c (c is a constant) since Q is a total derivative. The quantity C is the Noether charge corresponding to the 
invariance. By using ([5]), we may delete (p in the first equation in ^ and obtain, 

= 5 1 ^ \ TT- + prn ■ (6) 

a aa^^ aa° 

When pm is given by the sum of the contributions from all forms of matter with constant EoS parameter Wi , one gets 
Pm{a) = X^i /"oifl"'^'™'^^''- Then we can solve algebraically Eq. ^ with respect to 7? as a function of a: H = H{a). 
By the definition of H, the equation has the form as a = an{a). Then we find t = / which gives, at least 

formally, the solution of ^ and therefore the FRW universe. 

As a simple case, we may consider the case C = 0. Then Eq. ^ reduces to the following form 



^ ' 160^4 160^2 



Here x = and therefore a; > 0. Since T'{x) = 3 {x^ + i^^i ) , when a > 0, T{x) is a monotonically increasing 
function of x. On the other hand, when a < 0, we find 



Since 



when a > 0, since J^{0) < and J-{x) is a monotonically increasing function, there is only one positive solution in 

0; 



We now consider the case that pm comes from a unique kind of matter, with constant EoS parameter w. Then, when 
a -> 0, one obtains al i^a'^'^^""' and a_ ^ 0. Therefore, H cx a-^i+'^^Z^ and we find a oc t2/(i+»)^ ^hich 
could be compared with the usual FRW universe in Einsteinian gravity, where a cx i2/3(i+«)) ^jjg other hand, when 
a ^ oo, Eq. (flOl) implies that H oc a"^^^^™^/^ ^nd therefore a cx ^2/3(1+11))^ which reproduces the result in Einstein's 
gravity. This indicates that such non-local term becomes less dominant as compared with the Einstein-Hilbert term 
at the late universe epoch. 

We may consider the case when a < 0. Since J^{0) > in this case, if {x+) > 0, there is no positive solution for 
X. On the other hand, if {x+) < 0, that is, when 

- a > 40kV™ , (11) 
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there are two positive solutions and one negative solution in |(7]), namely 



. . / Nl/6(l + l«) 

Eq. I|lip indicates that there is a lower bound in a as a > amin = ( — 40 °^p^ J • Here it is assumed that w > —1. 

We should note that even if d therefore H do not vanish, which means that the existence of amin does 

not imply the bounce solution. It is likely that a universe with a — amin could appear, say, as a quantum correction. 

When a is large, we find that J-{0) in |(9]) vanishes and a± tends to a constant: aj. — > ±i-r^^\/—^, which gives 



The positive solution of a; in (fT3|) corresponds to the de Sitter solution 

When the Einstein-Hilbert term in ([l]) or |[2]) can be neglected, by assuming 

</,= || , i7=^ (a = aot''o) , (14) 
Eqs. ([3]) reduce to the following algebraic equations 

= a^(^^a^ + 24hl^ , = (/lo - 1) (^a^ + 4/1^) . (15) 

The equations (fT5|) have a non-trivial solution (a^ 7^ and /iq 7^ 0): ho ~ 1 and a^ — — 
We can now include matter. Then, the first equation in ifTS]) is modified as 

= + -^0' - 2^H^ + pm . (16) 

When one may neglect the Einstein-Hilbert term in |[T| or |[2|) again, and if we assume (fT4| . there is a non-trivial 
solution when = In fact, Eqs. ^ reduce to the following algebraic expressions 
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0-^4 + W"'^^^+48a,(^^^^j , 0=(:^^^^-l) (^a, + 4(,j^^^) ). (17) 

If the matter is radiation with w ~ 1/3, the second equation is satisfied and the first equation acquires the following 
form: = '^a^^ poo^^ + 'ma^. Then, li D = (24)^-22£| > q, there are non-trivial solutions: a^ = (^-24 ± ^/d^. 

On the other hand, when w ^ 1/3, we find = ^^TT ( 3(1+1^) ) ' /'o'^o* ~ (^(TTui)) • '^^^ second equation 

requires that a should be positive. Thus, a phantom-like universe solution from purely non-local gravity, without the 
i?-term, has been found. 

We now consider another version of |(T|), that is. 

Here a is a dimensional constant. Naively this action could be relevant in the late universe stage, where the curvature, 
and therefore Q, is small {\-/Q is large) owing to the non-locality of the action (fT8| . However, there is a possibility 
that the action could be relevant even for the early universe. By introducing three scalar fields, 0, ^, and 77, one may 
rewrite the action (flS)) under the following form: 

S = j d'xV-g + ^d,<f>d^c^ + ^^ + ^^^-g)y (19) 

Again, the action reminds of string-inspired gravity, including the first Gauss-Bonnet correction. However, it may 
correspond to some complicated compactification and/or to the contribution of non-perturbative terms, because of 
the absence of kinetic terms for the two scalars and the appearance of a non-trivial multi-scalar potential. 
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In the FRW universe, the action leads to the following equations 

= - + 24ei?^ , O = af0 + 3i/0) , = -44+C> ^ rj - 2a(h^ + HhA . (20) 

2 \ / n'f] 7/^ V / 

By assuming <j> = c^t^ 77 = 770, C = ^oi, and H = Hq, with constants c^, 770, ^0, and Ho, the equations in (|20| reduce 
to the algebraic ones 

= ~^H^~^cl + 2A^oHi , O = 3ai/oC0 + ^, O^-^^+^o, = 770 - 24^^ . (21) 

We can solve Eqs. with respect to c^, ^0, and 770 as follows: — — yJkTh^' ^0 ^ — 3(24)3"i<igi^ , '7o — 24i7Q, and 
i/p^ = — 54(2/)^k1^ • Therefore if a is negative, there could be a de Sitter universe solution, where is a constant: 

/ - \1/12 

^ 54(24)^ ) k' ""^^^ "-"^ Q' Sitter solution may both describe late time acceleration or 

inflation in the early universe. Hence, we have demonstrated that non-local G-gravities of different types may lead 
to an alternative description of dark energy and/or inflationary dynamics. Of course, for reaHstic description some 
version of the theory should be elaborated in more detail. 

3. General non-linear higher-derivative gravity. We can now consider a generalization of ^ which depends 
on all three curvature tensors (the case of two different functions F may be considered by analogy) 



S" = y d^Xy/^ ^-^-^ ~ —F {R, Rf^i,, Rf^^crp)0 ^F {R, R^^, Rf^i^crp) 



(22) 



Here F {R, R^,y, R^i,„ap) is a scalar function of the scalar curvature R, the Ricci tensor Rf_i„, and the Riemann tensor. 
Introducing an auxiliary fleld (/) as in |[2]), the action (|22l) can be rewritten in a local form 

(23) 



(24) 



S = I d^x^j - ^df,cl)d^<l> - ^F {R, Rp,,Rp,,p) 
Even if the action includes higher powers of the inverse of □ (compare with ^) as 

S= d^X^/^ i — ''^-——Fn{R,Rf^^,Rp,yap)n "Fn {R, Rf_ii,, Rpiyap) ] , 



we can still rewrite the action (|24l) in a local form by introducing auxiliary scalar flelds (compare with the case of 
on-local i?-gravity [3|). 

One may consider a more complicated generalization, as 



— y d'^x^/^ (^j^ — Fi{R,Rf^y,Rf^i,ap)\2 ^F2 {R, R^„, Rpuap)^ ■ 



(25) 



Here we assume that Fi is a function different from F2. By properly multiplying the Planck scale Mpi, we may set 
the mass dimensions of Fi and F2 to be 3. Then, the above action can be written in the following form: 

= y d'^Xy/^ (^2k^ ~ 2 ^t^'^' ^t^'^'^P^ ^ ^2 (R, Rpv, Riiuap)) n ^ {Fl {R, Rfi„, Rpvap) + F2 {R, Rfi„, Rpvap)) 

+ -^Fi {R, R^„, R^^crp)0 ^Fi {R,Rfj,^,R^„crp) + -^F2{R,Rpu,Rfii^ap)0 ^F2{R,Rpu,Rp.vcrp)^ ■ (26) 

By introducing now three scalar flelds, (/>!, (/)2, ^is, we can rewrite (|26|) in a local form as 

s ^ Jd^x + + \d^<p2d^^2 

]dp^3d''^3 - (01 + 03) Fl (R, R,,,, R^,,p) - (02 + 03) F2 {R, R^,, Rp.ap)) ■ (27) 



2 

Note that if Fi , F2 include Gauss-Bonnet and higher-order terms which are cubic and fourth-order in the curvature 
invariants, the above theory represents the low-energy string effective action with higher-order corrections. The de 
Sitter solutions for such effective action have been studied in llOll. 
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As an example of ((22l) or ((23l) . we may consider the case F {R, R^i,, R^iuap) = ciG + C2R, with constants ci and C2. 
Then, in the FRW metric, we find the following equations: 



-P (0 + 3i/0) - 24ci (^HH^ + H^^ - 6c2 (h + 2H^^ , (28) 
= + ^ + 24ci(/.i73 _ 3c2 f^i/' - <})H) + . (29) 







When the contribution from matter can be neglected, that is, provided pm — 0, if C2/C1 is negative there is a de 

Sitter space solution: H — ^J—-^ and 4> — we have neglected the contribution from matter, again, the 

de Sitter solution could be valid to describe late time acceleration or inflation before matter was created in the very 
early universe. 

Now, the following model can be considered: 



(30) 

Here Ci and C2 are constant. By introducing two scalar fields, ^ and (j), we may rewrite the action (|30l) in a local form 

(31) 



S = j d^x^g I A _ (^ _ /(0)) (ci^ + C2R) - d^^d^^cj^ 



One may check that the action (|3T|) is equivalent to the action l(30|) . By variation of ^ and 0, we have 

= □(/>- (ci^; + C2-R) , (32) 
= DC + /'((/.) (cie + C2i?) . (33) 

If we delete (j) in |[31]) by using |[32]), we reobtain the action |[30]). In the FRW background, Eqs. ([32]) and ([33]) can be 
rewritten as 

= - (0 + 3i/0) - |24ci (iJiJ^ + i?-*) + 6c2 (ij + 2i72^ | , (34) 

= - + 3i/e) + /'(0) {24ci + ^ ^ 2i/2) } . (35) 

On the other hand, the equation corresponding to the FRW one has the following form 

= - ^ 24ci (i - /'(</>)(/.) i/3 + |(^ „ /(0)) _ _ /'(0)0) i/} + p„ . (36) 

We now investigate if there could be a de Sitter space solution. We assume H is a constant H = Hq and neglect 
matter, pm — 0. Then, Eq. ([34|l can be integrated to be 

= - {8ciH^ + 4c2Ho) t - 0ie-3«°* + 02 ■ (37) 

Here 4>i and 02 are constants of integration. For simplicity, we consider the case 0i = 02 = and we assume that 
/(0) has the following form: 

/(0) = foe"'^ ■ (38) 
Here & is a constant. By substituting l|37p with 0i = 02 = into ((38l) and integrating l(35|) . we obtain 

Here ^1 and ^2 are constants of integration and /3 is defined by 

f3 = {8ciH^ + AC2H0) b . (40) 
Substituting now ((37|) with 0i = 02 = and (|40| into (|36| . one gets 

= -3i?2 + C2C2 j + ^ " 3^^°_^^ -^foe-^' + (24cii7o^ - 4C2H0) ^le''""' . (41) 
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When f3 ^ 3i?o nor /3 7^ 0, Eq. gl]) yields 



6 = J , (42) 

and 

= 6ciF^ - C2 or Ci = . (43) 

Furthermore, 

/3=-l-^or6=--ii^%. (44) 
C2 8ci+4c2i?o 

Then if we choose b in (|38l) as in l(44|) . there is a de Sitter solution with H = Hq. When Ci = 0, that is, without 
the Gauss-Bonnet term, we have ^1 = and l(42|) . Eq. (|4T|) also gives /? = —1, which corresponds to the solution in 

. In the same way as in Ref . ISi] one can suggest the unification of early-time infiation with late-time acceleration 
within the theory. It is also remarkable that unlike in the case of non-local gravities with i?-dependence only, the 
above theory is very rich and does admit de Sitter universe solutions for a variety of actions. 

The unification of late-time acceleration and infiation in the early universe can in fact be easily achieved by adding 
a F(i?)-term to the action of non-local Gauss-Bonnet gravity |(T]), as 



or to the action 



^ = / ( ^ - 2^^'^'^^"'^ + + + >C™ ) . (46) 



Here F{R) is a proper function of the scalar curvature R (the above theory has been proposed for dark energy 
description in Ref. [ll|). Then the first equation in Eq. ([3)) is changed as 



= + ^</.2 - 244)H^ ~ F{R) + 6 + ij) F'{R) - 36 (aH^H + HH^ F"{R) + , (47) 



but the second equation is not changed and therefore we have ^ again. 

One can consider the case where the early infiation could be mainly generated by the i^(i?)-term and the late-time 
accelerating expansion could be generated by the non-local Gauss-Bonnet term. We now choose F(R) — (3R^ . Here 
/? is a constant. We choose a to be very small and 4> starts with cf) = Q. Hence, at the early universe the non-local 
Gauss-Bonnet term is very small and could be neglected. We also assume that the contribution from matter could be 
also neglected in the early universe. Then due to the F(i?)-term, there occurs i?^-infiation. After the end of infiation, 
the radiation/matter dominance era takes over, where H behaves as H ^ ho/ {t + to)- Then by integrating ([5]), we 
find 



° (7(i-f to)"^''°+' ) . (48) 



t + to 

Here (j>o and C are constants of integration, which could be determined by proper initial conditions. When t becomes 
large, the value of (j> goes to (fio- If (/'o can be large enough, the non-local Gauss-Bonnet term can be dominated 
and the universe goes to asymptotically de Sitter space, which describes late-time acceleration. Thus, a mixture of 
non-local Gauss-Bonnet gravity with local modified gravity, on top of being a rather natural theory made up of the 
fundamental ingredients one has at hand, yields a very realistic model for the unification of early-time infiation with 
late-time acceleration. 
4. Discussion. 

In summary, we have demonstrated in this paper that a large class of non-local higher-derivative gravities admits 
accelerating cosmologies which can naturally describe infiation, dark energy and/or the wholly unified infiation- 
radiation/matter dominance-dark energy, in the universe expansion history. We have chiefiy concentrated on models 
which depend on a Gauss-Bonnet invariant but this was essentially for technical reasons: the simplification of the 
equations of motion. There is no problem to extend the study to account for Riemann squared tensor- and/or Ricci 
squared tensor-dependent non-local gravity. In addition, non-linear GB gravity can be represented as a specific 
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string-inspired gravity, what hints towards a fundamental origin from string theory. Unlike in the case of pure 
curvature-dependent non-linear gravity, many different versions of the theory under considerations exhibit de Sitter 
universe solutions which maybe used to describe the different accelerating epochs. It is known that such solutions 
represent the fixed points of the cosmological dynamics where the effective equation of state parameter is w — — 1. 
Moreover, the stability of the fixed points can be studied analytically or numerically. Hence, it is straightforward 
to construct the effective phantom and quintessence-like cosmologies which lie below or above the corresponding de 
Sitter fixed points in a similar way as in Ref. f3|- 

In order to select the most realistic version from the above theories, local tests, PPN analysis and accurate ob- 
servational data must be used. For instance, cosmologies derived from non-local higher-derivative gravity should be 
experimentally tested in order to make a short Hst of most viable theories. From a genuine cosmological viewpoint, 
several non-local models give rise to very similar dynamics. A way to overcome such a shortcoming could be to search 
for signatures in the stochastic background of gravitational waves in order to discriminate and constrain models. In 
fact, the production of primordial gravitational waves, if revealed, is a robust prediction for any model attemp ting 
to describe the cosmological evolution at early epochs. It may be directly derived from the infiationary scenario [l3 |. 
which fits the WMAP data well, being the agreement particularly good with exponential infiation and the spectral 
index ~ 1. The main characteristics of the gravitational background produced by cosmological sources depend both 
on the emission properties of each single source and on the source rate evolution with the redshift. To this purpose, 
one can take into account the primordial physical process which gave rise to a characteristic spectrum flsgw for the 
early stochastic background of relic scalar gravitational waves by which we can recast the further degrees of free- 
dom coming from non-local higher derivative gravity. This approach can greatly contribute to constrain the viable 
cosmological models. The physical process related to the production has been analyzed for the first several tenso- 
rial components of standard General Relativity. Actually the process can be improved considering also the further 
scalar-tensor components strictly related to the degrees of freedom of non-local gravity. It should emphasized that 
the stochastic background of scalar gravitational waves can be described in terms of scalar fields 4> and characterized 
by a dimensionless spectrum. In our case, considering a generic non-local theory of order (2n + 2) as, for example, 

c = ^/^F{R,aR,..n''R,n"R), (49) 

it is straightforward to show that, by linearizing the theory, one obtains 

n 

l[{a-ml)cl)k = 0, (50) 

k=Q 

with n massive scalar fields (mfc real) or tachyons {nik imaginary) conformally related to the curvature invariants. 
The interferometric space experiment LISA could put tight constraints on such masses. An analysis similar to the 
one in will be developed for the theory under consideration elsewhere. 
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